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Abstract 

 
In this paper, we present the mathematical 
foundations of a probabilistic neural network for gene 
selection and classification of high-dimensional 
microarray data. We present a catalogue of features 
that a classification system for microarray data should 
incorporate. We then use this catalogue and compare 
the theoretical properties of probabilistic neural 
networks with support vector machines with regard to 
their suitability for multiclass cancer prediction. We 
compare the classification performance of a 
probabilistic neural network with the performance of 
a support vector machine on a multiclass microarray 
data set. The results of the theoretical and practical 
comparison suggest that the probabilistic neural 
network approach is to be preferred over support 
vector machines for multiclass cancer classification 
using microarray data.  
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1. Introduction  
Traditionally, the classification of complex 
diseases such as cancer has been performed on 
the basis of non-molecular criteria such as tumor 
tissue type, pathological features, and clinical 
stage. In spite of recent medical progress, the 
diagnosis of cancer remains a challenging and 
very complex task. Existing cancer classes can be 
heterogeneous and may comprise diseases that 
are molecularly distinct and follow different 
clinical courses. Microarray technology allows 
the monitoring of gene expression levels in cells 
for thousands of genes simultaneously, and may 
lead to a more complete understanding of the 

molecular variations among tumors and hence to 
a finer and more reliable classification. The 
reliable and precise classification of samples is 
essential for diagnosis, therapy, and prediction of 
cancer. This explains why the scientific task of 
classification has received considerable attention 
in microarray analysis. Microarray analysis of 
differential gene expression has been used to 
distinguish between different subtypes of cancer 
such as lung adenocarcinoma [1], colorectal 
neoplasm [2] and breast cancer [3], and to predict 
clinical outcomes in breast cancer [4,5] and 
lymphoma [6]. Many statistical and machine 
learning methods have been proposed to address 
the task of tumor sample classification, e.g., test 
statistics [7], neural networks approaches [2,8], 
and decision trees [9]. Most machine-learning 
classifiers are generally designed to operate on a 
large number of samples over relatively few 
variables. Therefore, high-dimensional 
microarray data present a major challenge for 
these classifiers. A number of recent publications 
report on the successful application of support 
vector machines (SVMs) to the classification of 
high-dimensional microarray data [10,11,12]. 
SVMs are based on sound statistical principles, 
and also have demonstrated their excellent 
classification performance on a wide range of 
complex problems in bioinformatics. To date, 
SVMs are considered a state-of-the-art classifier 
for microarray data [13]. However, the method of 
choice for classifying  microarray data is not 
available, but it depends on the data properties 
and the type of the classification problem (e.g., 
binary vs. multiclass prediction), according to the 
No-Free-Lunch theorem [14]. Consequently, the 
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general question “Which classifier is the method 
of choice for microarray data analysis?” is ill-
posed. There are few comparative studies on the 
suitability of various methods for classifying 
microarray data [15].  

In this paper, we propose to assess the 
suitability of a classifier on the basis of 
qualitative and quantitative criteria. Qualitative 
criteria refer to general features of the classifier, 
whereas quantitative criteria refer to the 
classification performance on concrete data sets. 
The outline of this paper is as follows: Firstly, 
we present a catalogue of requirements that a 
classifier for cancer gene expression data should 
meet. Then, we show that SVMs do not fulfill all 
these requirements. Thirdly, we present the 
model of a probabilistic neural network (PNN) 
that is able to address all but one of the 
qualitative criteria. Finally, we compare the 
classification performance on a microarray data 
of multiple cancer types. There exist >100 types 
of cancer and even more subtypes, so that 
practical applications require multiclass 
methodologies for molecular classification [16].  

2. Requirement Analysis for  
 Molecular Classifiers   
Table 1 summarizes the (minimal) set of 
properties that a molecular classifier should have.  
Table 1: Minimal set of properties for molecular classifiers. 

# Property Explanation / Remark 
1 Low variance and 

low bias 
The classifier is characterized by 
a low variance and a low bias; 
this is a prerequisite for a good 
generalization ability. 

2 Handling of 
missing values 

The model is able to handle 
missing values adequately.   

3 Addressing the 
large-p-small-n 
problem 

Also known as curse of 
dimensionality, this due to an 
imbalance of the number 
variables (p) and the number of 
observations (n). 

4 Handling of 
skewed class 
distributions 

Class skewness refers to any 
imbalance in the class 
distributions, e.g., one class 
contains only very few cases, 
while another class contains very 
many cases. 

5 Providing robust 
solutions 

The model’s output is 
deterministic, and slight changes 
to the learning data do not affect 
the model’s performance. The 

model is able to cope with noisy 
data. 

6 Incorporation of 
asymmetrical 
misclassification 
costs 

The costs that are associated with 
misclassifications depend on the 
class membership of the 
misclassified cases. The costs 
associated with false positive and 
false negative classifications are 
context-dependent. 

7 Detection of 
outliers 

(self-explanatory) 

8 Identification of 
important 
variables 

The model is able to identify the 
variables that are most important 
for the classification task. 

9 Handling of 
multiclass 
problems 

The model is able to solve 
classification tasks involving 
more than two target classes. 

10 Quantification of 
uncertainty and 
confidences 

The model is able to quantify the 
uncertainty associated with its 
decisions, for example, state 
confidence level in terms of 
Bayesian confidences. 

11 Handling of 
mixed variables 

The model is able to handle data 
expressed as mixture of ordinal, 
categorical, and numeric 
variables. 

12 Easy-to-use  The model is easy to understand 
and use (parameter settings, 
output interpretation). 

13 Incorporation of 
domain 
knowledge 

The model is able to make use of 
existing domain knowledge, 
rather than purely relying on the 
data at hand.  

Despite the excellent credentials of SVMs, these 
models are not able to address all the issues that 
are involved in the classification task of 
microarray data. SVMs meet the requirements 
(1) – (9) outlined in Table 1. Concerning (9), 
however, it should be noted that SVMs are in 
principle binary classifiers and unable to solve 
problems that involve more than two classes. To 
solve multiclass problems, we have to combine 
the binary classifiers by using e.g., one-versus-all 
(OVA), all-pairs, or hierarchical partitioning 
approaches [16]. The optimal design for 
combining binary classifiers is still an open 
issue; however, recent studies report that the 
OVA approach provides the best results for 
combining SVMs [10,12,16]. In the OVA 
approach, we build one SVM for each single 
class. Each SVM is trained to separate between 
one class and all other classes. We can combine 
the SVMs in a directed acyclic graph (DAG) to 
one single model [17]. For a problem involving k 



classes, k − 1 decision nodes will be evaluated to 
classify a new object.  

Concerning (10): Although some work has 
been done to add probabilistic semantics to the 
output of SVMs [18], the interpretation of their 
output remains difficult. SVMs are not able to 
provide estimated conditional probabilities for 
their classifications. It has been suggested to 
interpret the distance between a case and the 
decision hyperplane as a measure of the model’s 
confidence: the larger the margin, the more 
confident the SVM [10,16]. However, this 
measure relies on a geometrical interpretation 
and can be misleading, because it depends on the 
distance metric being used and does not allow 
any interpretation in terms of estimated class 
posteriors.  

Concerning (11): Gene expression data are 
often represented as discrete values, where 1 
indicates over-expression, 0 indicates normal 
expression, and –1 indicates under-expression. 
Discrete data, however, present a problem for 
SVMs and require adequate rescaling [19].  

Concerning (12): SVMs are characterized by 
the choice of the kernel function, which has a 
major effect on the classification performance. 
Furthermore, the choice of the regularization 
parameter and the window width for the 
Gaussian kernel have an influence on the 
classification performance. However, finding the 
optimal design and the optimal parameter settings 
involve a multivariate optimization problem, 
which is a non-trivial task for a user who is not 
familiar with SVMs.  

Concerning (13): SVMs are statistical 
classifiers that rely only on the data set at hand. 
Apart from manual variable selection, the user 
has no means to incorporate domain knowledge 
into the SVM model.  

3. Probabilistic Neural Networks   
PNNs are based on Bayes’ decision strategy and 
Parzen’s method of density estimation. D. Specht 
has proposed a four-layered feed-forward 
network topology to implement PNNs [20]. He 
splits the algorithm of the Bayes-Parzen classifier 
into a number of simple processes, which can be 
computed in parallel. PNNs have shown 
excellent performance in classifying microarray 
data [21]. An important parameter in these 

models is the width of the Parzen window, which 
is also referred to as smoothing factor σ. We 
propose the following framework for building a 
PNN classifier: (1) Optimize the smoothing 
factor globally using a homoscedastic PNN; (2) 
Initialize local smoothing factors for each case of 
the learning set using the global smoothing 
factor, and then optimize these local factors 
gradually (heteroscedastic PNN).  
3.1  Homoscedastic PNN  
Let the prior probability that a sample x

  belongs 
to population k be denoted as hk. The costs 
associated with a misclassification of a sample 
belonging to population k is denoted as ck. The 
estimated conditional probability that a specific 
sample belongs to class k, p̂ (k | x

 ), is given by 

the probability density function k̂f ( x
 ). Then an 

unknown sample x
  is classified into class i if  
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In Equation 2, mj indicates the number of training 
cases in the jth class; σk indicates the smoothing 
factor for the kth element in x

 . The component 
x1,ij is the first element of the ith case of class j. 
Furthermore, d(x1, x1,ij) indicates the distance 
between the first element of the test case and x1,ij. 
W indicates the multivariate kernel or weighting 
function. If the estimated density is used for 
classification purposes only, then the constant 
factor 1/ 1 2(( 2 ) ,..., )p

pπ σ σ σ  in Equation 2 can 
be neglected. It should be noted that Equation 2 
allows the handling of missing values without 
explicit imputation methods. For example, if 
either x1 or x1,ij is missing, then the kernel 
function will not include the distance d(x1, x1,ij) 
(cf. Property 2 of Table 1). Furthermore, 
Equation 2 allows the use of feature-dependent 
distance metrics, i.e. d1, d2,..., dp for p different 



variables, so that the PNN is able to cope with 
mixed variables (cf. Property 11 of Table 1).  

In practical applications, the most commonly 
used kernel is the unweighted Gaussian as shown 
in Equation 3:  

2

( ) dW d e−=  (3) 

where ( ) ( )1 2, ,..., n
n ii

W w w w W w=∏ . We obtain 
the simplified multiple of a density function for 
class j as shown in Equation 4: 
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. (We do 

not consider the square root here and use exp(–
 d) in the following sections.) The following 
diagram illustrates the Bayes’ decision strategy 
that is implemented in the basic PNN.  

x1 x2x3 x4 x5 x6 x7

y1 y2 y3 y4y5y6y7

?

ˆ Xg
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Figure 1: Bayes’ decision strategy for a two-class problem. 
The dotted curve ( ˆ Xg ) is the sum of the dotted Gaussian 
“bumps” centered at the cases of class X. The solid curve 
( ˆYg ) is the sum of the dotted “bumps” centered at the cases 
of class Y. The question mark represents the unknown test 
case.  

In the simplified univariate example depicted in 
Figure 1, we have two classes, X and Y, each 
comprising seven cases: X = {x1, x2,..., x7} and 
Y = {y1, y2,..., y7}. Around each case, a bell curve 
is constructed with a constant smoothing factor 
σ. In this example, we have equal class priors 
(i.e. each class has the same prior probability of 
occurring). We assume equal costs for 
misclassification, so that the Bayes’ decision 

criterion is based on the estimated (simplified) 
class densities alone. In the example, the PNN 
classifies the unknown test case, represented by 
the question mark, as a member of class Y, 
because ˆ ˆ(?) (?)Y Xg g> . Figure 2 shows the PNN 
implementation for the example data of Figure 1. 
Each neuron in the pattern layer receives as input 
the unknown test case. In the next step, each 
pattern neuron Ni computes the distance between 
the test case and the training case that it 
“harbors”. The distance d is then weighted by a 
global σ. The activation of neuron Ni is given by 
exp(– d); the pattern neuron Ni feeds this 
activation to the summation neuron. The 
summation neurons sum up the activations of the 
associated pattern neurons and feed their result 
into the output neuron, which outputs the 
estimated conditional posteriors.  

y1 y2

?

y7x1 x2 ... ...

∑ ∑

x7

IX,Y

OX,Y

X Y

ˆ( | ?)p X ˆ ( | ?)p Y







Output
layer







Summation
layer







Pattern
layer

Input
layer







 
Figure 2: PNN implementation for the example data of 
Figure 1. The PNN contains 1 input neuron (for the 1 test 
case), 14 pattern neurons (7 for each class), 2 summation 
neurons (1 for each class), and 1 output neuron. 
By allowing each variable to have its individual 
smoothing factor, we can extent the PNN to a 
feature selector: the smaller σi, the more 
important the ith variable, and vice versa. The 
following section explains the motivation for this 
advanced model and the mathematical details. 
3.2  Heteroscedastic PNN 
Figure 3 shows an example of two overlapping 
classes, each containing uniformly distributed 
two-dimensional points.  
 
 
 
 



y

x 
Figure 3: Two overlapping classes, each containing 
uniformly distributed points. The black points belong to 
class A, and the white points belong to class B. The encircled 
triangle is the unknown test point.  
Although the unknown test case is surrounded by 
cases of class A, the test case is obviously more 
likely to be a member of class B. Clearly, the 
decision is based on the x-variable only; the y-
variable is irrelevant for the classification. 
Suppose that we choose the same smoothing 
factor σ for both variables. A small value for σ 
will result in magnifying the distances in 
Equation 2. The closer a training point to the test 
point, the greater the value of the kernel function. 
Consequently, the PNN will base its decision 
only on the nearest neighbors of the test case, 
which will result in a misclassification in the 
scenario depicted in Figure 3. A large value of σ 
will result in relatively large values of the kernel 
function, so that the PNN will consider not only 
the points in the immediate neighborhood of the 
test point, but also the points that are farther 
away. However, the distance between the test 
point and any training point has two components: 
the distance between the points based on the x-
variable and the y-variable. Suppose that in the 
example data in Figure 3 the variance of the x-
values is much lower than the variance of the y-
values. Then the distance will be dominated by 
the y-variable, which has no discriminatory 
information for the classifier. Consequently, the 
smoothing factor for the x-variable, σx , should be 
smaller than the smoothing factor for the y-
variable, σy, to emphasize the importance of the 
x-variable. As a function of the classification 
performance in the training phase, the individual 
smoothing factors have to be adapted.  

To assess the classification performance of 
the PNN, we should take into account the 
model’s confidence in its decisions. Clearly, a 
misclassification with high confidence is more 
severe than a misclassification with low 
confidence. On the other hand, a correct 
classification with high confidence is preferable 

to a correct classification with low confidence. 
Suppose that the number of test cases is t. Then 
the mean squared error (MSE) is given by 
Equation 5: 
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In total, we have K classes. Suppose that the ith 
test case, ix

 , is a member of class ck. Then 
ideally ˆ ( | ) 1k i kp c x c∈ =

 . If, e.g., 
ˆ ( | ) 0.8k i kp c x c∈ =

 , then the error for this 
classification is (1 − 0.8)2 = 0.04. The second 
term takes into account the estimated 
probabilities for remaining (incorrect) classes. 
Furthermore, this terms penalizes an unequal 
distribution of the estimated class posteriors. The 
following example illustrates this idea. Consider 
the following two classification scenarios for 4 
classes A, B, C, and D, and let the test case be a 
member of class A. 
Table 2:Unequal distribution of estimated class posteriors. 

 Confidence  
Class A B C D MSE 

Scenario 1 0.7 0.1 0.1 0.1 0.12 
Scenario 2 0.7 0.0 0.0 0.3 0.18 

In scenario 1, the probabilities for the wrong 
classes are equally distributed, whereas in 
scenario 2, the probability is concentrated in 
class D, which results in a larger MSE. Clearly, a 
more balanced distribution of the probabilities 
for the incorrect classes is preferable, because an 
imbalanced distribution is more likely to lead to a 
misclassification.  

The MSE provides a continuous error 
criterion that we can use for optimizing the 
smoothing factors. Let sse( ix

 ) be the sum 
squared error for the ith training case, and let the 
actual class of this case be ck. Then the derivative 
of sse( ix

 ) with respect to the smoothing factor 
for the jth variable, σj, is given by Equation 6: 
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Equation 6 leads to the gradient 
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for the ith test case. To derive the gradient of 
MSE, we calculate the gradient for all test cases 
and summarize the results; the normalizing factor 
t−1 in Equation 5 can be neglected. The resulting 
gradient is given in Equation 7: 
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Finding the minimum of the error functional 
given by MSE is a multivariate optimization 
problem. To solve this problem, we need the 
derivatives of the estimated posteriors with 
respect to the smoothing factors. The equations 
in this section follow the notation by T. Masters 
[22]. The estimated probability that a test case ix

  
is a member of class ck is given by Equation 8: 
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The nominator is the sum of the kernel function 
values for the test case and the cases of the 
training set that belong to class ck. The number of 
cases of class ck is mk. The denominator is the 
sum of the kernel function values for the test case 
and all cases of the training set, regardless of 
their class membership. The total number of 
training cases is n. The first derivative of the 
nominator is given in Equation 9: 
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The first derivative of the denominator is given 
by Equation 10: 
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Equations 9 and 10 lead to the derivative of the 
estimated probability as shown in Equation 11. 
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To find a starting point that is close to the global 
minimum, we can apply the homoscedastic PNN, 
and determine the optimal value for the global σ 

in a cross-validation procedure. Then, we 
initialize the σj of the advanced model using this 
σ. Using the gradient of Equation 7, we find an 
optimal set of smoothing factors σ1, σ2,…, σp, 
which addresses two issues: 
1.  different smoothing factors minimize the error 

criterion of Equation 5; 
2.  the value of σj can be interpreted as the 

importance of the jth variable. 
Thereby, the PNN integrates feature selection 
and classification within a single and consistent 
framework.  

4. Comparative Study   
4.1  Material 
To compare the classification performance of 
PNNs and SVMs, we choose a multiclass cancer 
microarray data set, the NCI60 data set [23]. The 
NCI60 data set comprises gene expression 
profiles of 60 cell lines. The data set includes 
nine different cancer classes: central nervous 
system (CNS, 6 cases), breast (BR, 8 cases), renal 
(RE, 8 cases), lung (LC, 9 cases), melanoma 
(ME, 8 cases), prostate (PR, 2 cases), ovarian 
(OV, 6 cases), colorectal (CO, 7 cases), and 
leukemia (LE, 6 cases). The gene expression data 
comprise mainly ESTs of known and unknown 
function given by the negative logarithm of the 
ratio between the red and green fluorescence of 
the signals. After data preprocessing, the 
microarray matrix contains 1,407 genes. We do 
not apply any feature selection method to reduce 
the number of irrelevant or redundant genes, 
because we are interested in the performance of 
the models in the presence of noise (cf. 
Property 5 in Table 1 ).  
4.2  Methods 
We choose the OVA approach [10,12,16] and 
combine the binary classifiers using the DAG 
[17]. We choose a simple dot product kernel for 
the SVM; Furey et al. have demonstrated that this 
simple kernel performs better than radial and 
polynomial kernels for a comparable data set 
[24]. We use the sequential minimal optimization 
algorithm to train the SVM [25]. To allow for a 
fair comparison of the methods, we apply only 
the homoscedastic PNN that does not implement 
the implicit feature selection. Furthermore, we 



choose the dot product kernel for the PNN as 
well. To optimize the smoothing factor σ, we 
take into account the continuous error criterion of 
Equation 5. 

Given the limited size of the NCI60 data set, 
we evaluate the classification performance using 
the leave-one-out cross-validation (LOOCV) 
procedure: remove a single sample from the data 
set, use the remaining 59 samples as training set, 
and test the model’s ability to classify the hold-
out sample; iterate this procedure until each 
sample was used as hold-out case. Table 3 shows 
the resulting confusion matrix. 

Table 3: Confusion matrix for LOOCV classification 
results. (The results of the PNN are shown in bold.) 

Real class 
 CNS BR RE LC ME PR OV CO LE 

CNS 6|5 1|1 - | - - |1 - | - - | - - | - - | - - | - 
BR - |1 5|4 1|1 1|2 - | - - | - 1|1 - | - - | - 
RE - | - - | - 7|7 2|1 - | - 1|2 - | - - | - - | - 
LC - | - 1|1 - | - 5|5 - | 1 - | - 1|1 - | - - | - 
ME - | - - | - - | - - | - 7|7 - | - - | - - | - - | - 
PR - | - - | - - | - - | - 1| - 1| - - | - - | - - | - 
OV - | - - |1 - | - - | - - | - - | - 4|4 - | - - | - 
CO - | - - |1 - | - 1| - - | - - | - - | - 7|7 - | - 
LE - | - - | - - | - - | - - | - - | - - | - - | - 6|6 

The PNN classified 48 of 60 cases correctly, 
while the SVM classified 45 cases correctly.  
5. Discussion   
The Ugly Duckling Theorem states that there 
exists no problem-independent set of optimal 
features, but it is the type of the task, the problem 
at hand, and the optimization criterion that 
determine which features are “best” [26]. In this 
paper, we have demonstrated how the 
homoscedastic PNN can be extended to feature 
selector by allowing an individual smoothing 
factor for each variable. The optimization 
criterion respects the model’s confidences, and 
the smoothing factors are optimized in such a 
way that the mean squared error of the Bayesian 
confidences is minimized. This approach 
provides a higher “reward” for correct 
classifications with high confidence than for 
correct classifications with low confidence, and a 
higher “penalty” for misclassifications with high 
confidence than for misclassifications with low 
confidence. By varying the smoothing factors, 
the PNN assigns a higher weight to those 
variables that help in minimizing the error 
functional. Thereby, the PNN strongly couples 

implicit feature selection with classification 
performance, which itself is defined in terms of 
confidence. This approach is fundamentally 
different to other classifiers that require explicit 
dimension reduction procedures. 

In contrast to SVMs, PNNs can inherently 
cope with multiclass problems (property 9 in 
Table 1); unlike SVM s, PNNs do not need to be 
combined. Most importantly, PNNs provide 
Bayesian confidences for their decisions 
(property 10 in Table 1). Future directions of 
molecular classification of cancer will probably 
focus on integrating microarray data with clinical 
data [13]. Unlike SVMs, PNNs are able to cope 
easily with mixed variables. PNNs might deploy 
their full potential in the light of microarray data 
enriched by clinical data. However, the 
incorporation of domain-specific knowledge into 
the models (both SVMs and PNNs) is still an 
open issue (property 13 of Table 1). 

In the present study, the PNN outperformed 
the SVM with respect to classification accuracy. 
However, further studies will be necessary to 
confirm whether the theoretical credentials of 
PNN will transfer to practical performance. 

Our future research will focus on a broad 
comparative study on the performance of various 
machine learning techniques for classifying 
different cancer microarray data sets.  
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